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From Mendeleev to Seiberg-Witten via Madelung
Arkady L. Kholodenko1
Department of Chemistry, Clemson University, Clemson,
SC 29634-0973, United States
The Bertrand theorem permits closed orbits in 3d Euclidean space only
for 2 types of central potentials. These are of Kepler- Coulomb and
harmonic oscillator type. Volker Perlick recently extended the Bertrand
theorem. He designed new static spherically symmetric (Bertrand)
spacetimes supporting closed orbits. In this work we use these spacetimes
to solve the quantum many-body problem for any atom of periodic
system exactly. Our results significantly improve previous results by
Demkov and Ostrovsky (D-O) who wanted to obtain the analytical proof
of the empirical Madelung rule controlling the filling of the periodic system
of elements. The obtained improved solution is not universal though
since the Madelung rule has exceptions happening in some transition
metals, lantanide and actinide atoms. Quantum mechanically these
exceptions as well as the rule are treated thus far with help of the
relativistic Hartree-Fock calculations. However, the results of this paper
indicate that the developed new methods are capable of describing
analytically the exceptions as well as the rule. To describe the exceptions,
the developed methods extend previously obtained results relativistically.
Since this extension is fundamentally nontrivial, it is nonperturbative in
nature. The nonperturbativity is linked with the topological nature of
transition describing quantum mechanically the atoms exibiting standard
and anomalous Madelung rule behavior.
Keywords: Maxwell’s fish-eye potential, Bertrand spacetimes,
Madelung rule, Dirac equation, spin and spinc manifolds
1. INTRODUCTION
1.1. Overview of trends in the description of the periodic
system of elements. Statement of Lo¨wdin’s challenge problem
Although quantum mechanical description of multielectron atoms and
molecules is considered to be a well established domain of research,
recently published book (Thyssen and Ceulemans, 2017) indicates that
1Correspondence: string@clemson.edu
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there are still many topics left for development.Specifically, the quantum
mechanical description of multielectron atom (with atomic number Z
and infinitely heavy nucleus) begins with writing down the stationary
Schro¨dinger equation
HˆΨ(r1, r2, ..., rZ) = EΨ(r1, r2, ..., rZ) (1)
with the Hamiltonian
Hˆ = −
Z∑
i=1
ℏ
2
2m
∇2i −
Z∑
i=1
Ze2
ri
+
1
2
Z∑
i,j=1
i6=j
e2
rij
. (2)
According to Bohr’s Aufbauprinzip the atom with atomic number Z is made
up of Z electrons added in succession to the bare atomic nucleus. At the
initial stages of this process the electrons are assumed to occupy the
one-electron levels of lowest energy. This process is described in terms
of the one electron eigenvalue problem
Hˆiψi(ri) = [−
ℏ
2
2m
∇2i + Veff (ri)]ψi(ri) = εnl(i)ψi(ri), i = 1÷ Z, (3)
where Veff (ri) is made of the combined nuclear potential -
Ze2
ri
and the
centrally symmetric Hartree-Fock type potential F(ri) for the i-th electron
coming from the presence of the rest of atomic electrons. The fact that
F(ri) is indeed centrally symmetric was demonstrated by Bethe
and Jackiw (Bethe and Jackiw, 2018). It is fundamentally important for
our calculations. The symbol i indicates the i-th entry into the set made
of hydrogen-like quantum numbers for individual electrons. Based on this,
the concept of an orbital is typically associated with the major quantum
number n having its origin in studies of hydrogen atom. In quantum
many-body system described by Eq.(3) it makes more sence however to
associate the concept of an orbital with the description of somehow labeled2
i-th electron moving in the centrally symmetric potential Veff (ri).
The quantum motion in such a potential could cause the hydrogen quantum
numbers n, l,m and ms to change into hydrogen-like
3 since the
hydrogen atom eigenvalue problem is now being replaced by the eigenvalue
problem for labeled i-th electron in centrally symmetric potential Veff (ri).
The number of electrons allowed to sit on such redefined orbital is determined
by the Pauli exclusion principle. With increasing Z the electrons are
expected to occupy the successive orbitals according to Bohr’s Aufbau scheme
until the final ground state electron configuration is reached. This is being
achieved according to the assumption suggested by Bohr that the atom with
Z electrons is made out of atom with Z-1 electrons by a) changing the
2Say, by interaction with photon when studied spectroscopically.
3The actual implementation of this observation is presented in subsection 3.2 and in the
Appendix C.
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nuclear charge by +1 and, by simultaneously adding one additional electron.
In such imaginary process it is assumed that the quantum numbers of
electrons in the Z-1 atom remain unchanged (Madelung, 1936). In
The problem with just described Aufbauprinzip
lies in the assumption that the guiding principle in designing the final ground
state electron configuration is made out of two components: a) knowledge
of hydrogen-like wave functions supplying the quantum boxes/numbers4
i and, b) the Pauli principle which is mathematically restated in the form
of fully antisymmetric wavefunction Ψ(r1, r2, ..., rZ). Should these
requirements be sufficient, then it would be possible with a good accuracy
to replace Veff (ri) by -
Ze2
ri
5 so that the filling of electronic levels
would occur according to the Fock n-rule
Fock n-rule: With increasing Z the nl orbitals are filled in order of
increasing n.
This rule leads to problems already for the lithium as explained
by Thyssen and Ceulemans (Thyssen and Ceulemans, 2017),
page 330. As result, the n-rule was replaced by the (n, l) rule.
The hydrogenic (n,l) rule: With increasing Z, the orbitals are
filled in order of increasing n while for a fixed n the orbitals
are filled in order of increasing l.
After Z = 18 the (n, l) rule breaks down as well. Therefore, it was
subsequently replaced by the (n+ l, n) rule suggested by Madelung
The Madelung (n+l,n) rule: With increasing Z, the orbitals are
filled in order of increasing n+l = N. For fixed N , the orbitals
are filled in order of increasing n6.
Since all the above rules are empirical, they require theoretical
explanation. This fact brings us to the
Lo¨wdin’s challenge problem: Find a way to derive the Madelung
rule ab initio. 7
The essence of Mendeleev’s periodic system of elements lies exactly
in the discovered periodicity of properties of chemical elements. Although
there are 100’s of ways this periodicity can be exhibited8, the
commonly accepted periodic table of elements consists of seven periods:
4E.g. see Eq.(3)
5Causing the hydrogen-like quantum numbers go to the familiar set of numbers n, l,m and
ms for hydrogen.
6This rule was included by Madelung in his 1936 book (Madelung, 1936) in a form of an
Appendix 11 decribing the filling of periodic table. In the same Appendix Madelung confesses
that : a) the filling rule is strictly empirical and, b) as such, it does possesses some exceptions
7This problem was posed by Per-Olov Lo¨wdin (Lo¨wdin,1969). Additional detaills and
references are in (Allen and Knight, 2002).
8This process is still ongoing:
https://www.meta-synthesis.com/webbook/35 pt/pt database.php
2-8-8-18-18-32-32. Notice that all period lengths occur in pairs (period
doubling),except for the very first period of size 2.To determine whether
this exception is intrinsic or not, the analysis of work by Charles Janet on
periodic table done in 1930 (6 years before publication of the book by
Madelung!) is the most helpful. It is summarized in the book by Thyssen
and Ceulemans, pages 336-340. Although initially Janet developed his
version of periodic table without quantum mechanical guidance, eventually
he did make a connection with Bohr’s results. Janet’s periodic table has 8
periods. The periods in Janet’s table are characterized (without exception)
by the constant value of N = n+ l in perfect agreement with the empirical
Madelung rule. This fact suggests elevation of the number N = n+ l
to the rank of new quantum number. By organizing the elements in periods
of constant n+ l and groups of constant l,ml and ms, the period doubling
emerges naturally and leads to the sequence of periods: 2-2-8-8-18-18-32-32.
Using the apparatus of dynamical group theory Thyssen and Ceulemans
were able to reobtain Janet’s sequence. Application of group-theoretic
analysis to the periodic system of elements was done repeatedly in the past.
Many references to these earlier works can be found in (Thyssen and
Ceulemans, 2017). To our knowledge, the most notable are results presented
in Chapter 6 of the book by Englefield (Englefield,1972). The results of
Chapter 6 are independently reobtained in (Thyssen and Ceulemans, 2017).
Should the Madelung rule be without exceptions, just mentioned results
would be sufficient for solving of the Lo¨wdin challenge problem. However,
the existing exceptions for transition metal atoms, lanthanides and actinides
indicate that uses of the dynamical group theory methods alone are not
sufficient. As result, in this work we describe the alternative methods
enabling us to explain the Madelung rule and its exceptions. This
description had become possible by elaborating on works by Demkov
and Ostrovsky summarized below.
1.2. Works by Demkov and Ostrovsky
A concise and convincing explanation of the period doubling and its
connection with the Madelung rule is given in Ch.r 5 of the book (Scerri
and Restrepo, 2018) written byThyssen and Ceulemans. According to
these authors the empirical Madelung rule just stated has at least three
different interpretations and the choice between them depends
upon our theoretical understanding of this rule. The problem of finding
the theoretical explanation of the Madelung rule had attracted
attention of Demkov and Ostrovsky (Demkov and Ostrovsky, 1971).
Subsequently, the group-theoretical studies by Kitagawara and Barut
(Kitagawara and Barut, 1983) later elaborated in (Kitagawara and Barut,
1984) uncovered the apparent flaws in the logic of Demkov-Ostrovsky
(D-O) calculations.Thyssen and Ceulemans (Thyssen and
Ceulemans, 2017) also expressed their objections to results of
Demkov-Ostrovsky. On page 381 of their book we found the following
4
statement:
”Demkov and Ostrovsky developed an atomic physics model that
incorporates the Madelung rule, but by replacing the quantization of level
energies with quantization of coupling constants at zero energy.”
Following this logic, these results cannot be considered as solution of
the Lo¨wdin challenge problem. Furthermore, in (Kholodenko and
Kauffman, 2019) we noticed that Demkov and Ostrovsky, while
being able to obtain formally correct results, were unable to provide their
rigorous justification because their effective potential Veff (ri) was
guessed. Just described circumstances provide needed background
for description of our contributions into Lo¨wdin challenge problem.
1.3. Summary of the original contributions
1.3.1. The role of the Bertrand theorem
The Bertrand theorem of classical mechanics (Goldstein, Poole and
Safko, 2014) imposes apparently insurmountable restrictions on
selection of Veff (ri) since for spherically symmetric potentials only
the Coulombic -Ze
2
ri
and the harmonic oscillator kr2 potentials permit
dynamically closed orbits. Theoretical treatment of multielectron
atoms before D-O cycle of works was restricted either to study of
spectra of classically and quantum mechanically chaotic systems
or to uses of variational (relativistic) Hartree-Fock spectral calculations.
Beginning with the motion of electrons in helium, the classical (and,
hence, the semiclassical!) dynamics of electrons in multielectron atoms
is believed to be chaotic. The seminal book by Gutzwiller
(Gutzviller, 1990) is an excellent introduction into this topic.
Already Bethe and Jackiw (Bethe and Jackiw, 2018) noticed that
the Hartree-Fock Veff (ri) is centrally symmetric. At the semiclassical
level of description of multielectron atoms the role of closed orbits
in spectral problems was very recently emphasized, for example,
in (Akila et al, 2017).
D-O selected yet another innovative approach to the spectral
problems for multielectron atoms. Hoping to bypass the limitations of
the Bertrand theorem, D-O employed the optical-mechanical analogy
in their calculations. The Maxwell fish-eye potential was used in
their calculations instead of the Coulombic potential for hydrogen
atom. This replacement of the Coulomb potential by the fish-eye
potential allowed D-O to believe that they found a way to cope
with the multielectron effects while being in agreement with the
Bertrand theorem. They believed that the cure to these problems
is coming from:
a) the replacement of the Coulomb potential by the fish-eye potential;
b) the uses of conformal transformations applied to the fish-eye potential
aimed at conformally deforming this potential in such a way that it will
5
correctly represent the multielectron effects.
At the level of classical mechanics D-O demonstrated the equivalence
(for the hydrogen atom) between the Hamilton-Jacobi equations
employing the Maxwell fish -eye and Coulombic potentials.
In the Appendix B we reproduced needed details and commented on some
flaws in D-O reasonings.
At the quantum level D-O believed that ”The Maxwell’s fish-eye problem
is closely related to the Coulomb problem.” Being aware of the book
by Luneburg (Luneburg, 1966), D-O nevertheless underestimated
the nature of connection between the Coulombic and optical (fish-eye)
problems described in this book. The assumption of only ”close relationship”
caused D-O to replace Eq.(3) by
[−
ℏ
2
2m
∇2i + Veff (ri)]ψ(ri) = 0. (4)
Eq.(4) is looking differently from Eq.(3). Eq.(3) is an eigenvalue spectral
problem while Eq.(4) is the Sturmian problem. That is to say, for the
Sturmian-type problem to be well defined, the parameters entering into
Veff (ri) must be quantized. Such a quantization of parameters is making
Sturmian and eigenvalue problems equivalent. This equivalence is nontrivial.
It was overlooked by D-O and caused Thyssen and Ceulemans to question
D-O results. The situation was recently corrected in (Kholodenko and
Kauffman, 2019) where it is demonstrated that even though Eq.s (3) and
(4) are producing exactly the same spectrum, only Eq.(4) can be subjected
to the conformal transformations while Eq.(3) cannot.
That such transformations will lead to correct reproduction of multielectron
effects and are complacent with the Bertrand theorem is demonstrated
in (Kholodenko and Kauffman, 2019) as well. In that paper we used recent
information not available at times of D-O writings. The complacency
with the Bertrand theorem had become possible only thanks to the seminal
work by Volker Perlick (Perlick, 1992). In it the results of the classical
Bertrand theorem (Goldstein et al, 2014) valid in flat Euclidean 3
dimensional space were generalized to static spherically symmetric
spacetimes of general relativity. By design, the motion in such curved
spacetimes takes place on closed orbits. Thus,the task for us was to
demonstrate that the classical limit of Eq.(4) with the deformed D-O
potential leads to the motion in curved Bertrand spacetimes found by Perlick.
In (Kholodenko and Kauffman, 2019) such demonstration
was performed. Thus, for the first time the place of gravity effects in
quantum mechanics was found. In addition, in the same paper the
connection between the deformed D-O potential and the Hartree-Fock
Veff (ri) potential was found. These achievements provide needed
justification of the D-O results and apparently solve the Lo¨vdin challenge
problem. They also enable us to make further progress in this work.
6
1.3.2. The significance of the Madelung rule anomalies
Ch.r 5 of the book (Scerri and Restrepo, 2018) written by Thyssen and
Ceulemans is leaving us with the impression that the correct mathematical
understanding of the empirical Madelung rule can be made possible either
by either uses of the results of the dynamical group theory or by the
corrected results of D-O works. If this is so, then these results apparently
solve the Lo¨wdin challenge problem thus closing the hotly debated topic
(Wang and Schwarz, 2009) of the validity/relevance of the Madelung rule.
In this paper we demonstrate that this is not at all the case. Very
fortunately, the existing Madelung rule anomalies provide ample
opportunities for additional study. The anomalies are observed among some
transition metal atoms, lanthanides and actinides. Quantum mechanically,
the electronic structure of these elements thus far is being treated with
help of the relativistic Hartree-Fock methods (Dyall and Faegri, 2007).
Accordingly, the major new problem emerges:
will the results already obtained survive the relativistic extension?
In the rest of this work we provide rigorous results answering
affirmatively this question. Surprisingly, in addition,
we uncover new problems associated with seemingly well studied
topic-the Dirac equation. The most difficult issue in describing anomalies
is this.
Since the already obtained results are capable of deriving only the
canonical Madelung rule quantum mechanically and group-
theoretically the description of Madelung rule anomalies should
involve use of relativistic methods. But use of these methods in
their standard form is making all elements anomalous since this
formalism works indiscriminantly for all atoms.
Thus, the purpose of this work is to demonstrate that
the transition from the regular to the anomalous Madelung rule
is of topological nature!
The rest of this paper is organized as follows.
In section 2 we describe our first contribution into inproving D-O works.
It involves the recovery of missing connection between the Hartree-Fock
Veff (ri)and D-O potential which they postulated to make their quantum
mechanical tratment complacent with the standard Madelung rule. Only
D-O in their search for the right potential were worried about its
compatibility with the Bertrand theorem. They believed without a proof
that the potential they found is in accord with the Madelung rule. It had
become possible to find such a proof rigorously only after seminal work
by Voker Perlick (Perlick 1992) on generalized Bertand spaces. In
(Kholodenko and Kauffman, 2019) it was demonstrated that, D-O potential
indeed provides the right answer. In addition, due to work (Kirzhnitz et al,
1985) it has become possible to identify D-O potential with the Hartree-Fock
Veff (ri). Furthermore, we were able to find out that Tietz (Tietz, 1956)
completely independently arrived at the same potential which was used by
D-O, was able to recognize its connection with Veff (ri) and solved Eq.(3)
exactly with this potential but just for Mercury. Tetz never solved
Eq.(3) for other atoms and never made a connection between his results
and the Madelung rule.
In section 3 we develop a foundation for relativization of (Kholodenko and
Kauffman, 2019) results. The pivotal role in this process is being played by
the unexpected complete and exact reduction of the relativistic Dirac
equation with centrally symmetric Coulombic potential to the analogous
nonrelaticistic Schro¨dinger equation. This reduction is described in
Appendix A and had become possible due to result by Wong and Yeh
(Wong and Yeh, 1982). Thanks to such a mapping, all already obtained
results/methods developed in (Kholodenko and Kauffman, 2019) survived
relativization. Such a reduction-from relativistic to nonrelativistic results-
created seemingly unsurmountable problem: how to distinguish between
the regular Madelung cases from anomalous. The Wong-Yeh reduction
changes the actual values of constants in the nonrelativistic Schro¨dinger
equation thus making all atoms anomalous.
The resolution of this paradoxal situation is presented in section 4. It
involves uses of some mathematical facts associated with spin stucture
on manifolds https://en.wikipedia.org/wiki/Spin structure.
These facts thus far were used either in string theory or in the theory of
Seiberg-Witten invariants (Moore, 1996). In section 4 all needed facts
are explained in the laguage familiar to people with chemical/physical
training. It follows then that the difference in description of
”normal” and ” anomalous ” Madelung atoms is due to the topological
difference between spin manifolds (associated with description of
”normal” atoms) and spinc manifolds (associated with anomalous atoms).
Some results helpful for all sections are presented in appendices B and C.
2. ANALYTICAL EQUIVALENCE OF THE HARTREE-FOCK
Veff (ri) AND THE DEFORMED FISH-EYE POTENTIAL
To appreciate better the new results to be presented in the rest of this paper,
we need to present them in the framework of the already known results.
This can be done with help of the detailed discussion of Eq.(4).
In their cycle of works D-O used the fish-eye (γ = 1) and conformally
deformed (γ 6= 1)fish -eye potentials
V (x, y, z) = −
(a
r
)2 [ n0
(r/a)
−γ
+ (r/a)
γ
]2
. (5)
In Eq.(5) r2 = x2 + y2+ z2, a and n0 are constants , γ is a rational number.
The permissible values of constants a, n0 and γ are discussed in great detail
in (Kholodenko and Kauffman, 2019). A condensed summary is given in
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the appendices B and C. The nontrivial scaling analysis
performed in section 2 of (Kholodenko and Kauffman, 2019) determines
these constants almost uniquely9. Furthermore, the scaling analysis
unambiguously fixes the value of γ to either 1 or 1/2. No other
values of γ are permitted. In their attempt to prove the Madelung rule ab
initio D-O also selected γ = 1/2 but their choice came out not as result
of the scaling analysis but from by their ad hoc desire to reproduce the
Madelung rule analytically.
Absence of such analysis in works by D-O is the major cause of technical
difficulties in all D-O works. Since by design V (x, y, z) ≡ V (r) D-O used
V (r) instead of Veff (ri) in Eq.(4). Such a replacement required them to
switch from Eq.(3) to the conformally invariant Eq.(4). Since Eq.(4)
seemingly allows only to look for eigenfunctions with zero eigenvalue,
both D-O and the rest of researchers considered this limitation as serious
deficiency. Based on detailed analysis of general properties of Eq.(4)
described in (Kholodenko and Kauffman, 2019) it follows that, on the
contrary, this restriction is harmless and, in fact, is very helpful. It is
harmless because the Eq.(3) is an eigenvalue spectral problem while
Eq.(4) is the Sturmian problem. For the Sturmian-type problem to be well
defined, the parameters entering into Veff (ri) must be quantized. In
(Kholodenko and Kauffman, 2019) it was demonstrated
that such quantization of parameters is making Sturmian and eigenvalue
problems equivalent. This is illustrated in the Appendix C. Technically it is
better to work with Eq.(4) as we shall explain momentarily. Such a
replacement of Eq.(3) by Eq.(4) was made by D-O for the purpose of
taking care of the limitations of classical Bertrand theorem. No other
authors, including those performing Hartree-Fock calculations, were
concerned with these limitations. In the case of Hartree-Fock-type
calculations this lack of concern superimposed with the fact that Veff (ri)
is centrally symmetric created a serious problem of
deriving and describing the semiclassical (and, hence, the classical) limit
of quantum multielectron atoms other than hydrogen. D-O realized
that when the potential, Eq.(5), is used in Eq.(4), the constant n0 must
acquire discrete values as it happens in all Sturmian type problems.
Furthermore, for γ = 1/2 the solution of Eq.(4) provides the results
compatible with the Madelung rule. The apparent limitation, E = 0,
along with no apparent relationship between the potential V (x, y, z) and
Veff (r) coming from the Hartree-Fock calculations caused Ostrovsky
to acknowledge (Ostrovsky, 1981) that all D-O results to date do not
solve the Lo¨wdin challenge problem. Thus, prior to results (Kholodenko
and Kauffman, 2019) the following facts wereknown:
a) use of the potential, Eq.(5), apparently removes the limitations of the
classical Bertrand theorem;
9The scaling analysis makes sence in view of the conformal invariance of Eq.(4). Scaling
analysis is the simplest among conformal transformations.
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b) the choice γ = 1/2 in Eq.(5) is apparently consistent with the empirically
observed Madelung rule;
c) finding of the spectral results beyond E = 0 case requires uses of the
sophisticated perturbational methods described in D-O works;
d) the choice γ = 1/2 in Eq.(5) is seemingly detached from known
Hartree-Fock results for Veff (r);
e) the case γ = 1 corresponds to the standard Maxwell’s fish-eye potential.
Classical dynamics in such a potential is isomorphic to that in the Kepler
-Coulomb potential used in the Bohr-Sommerfeld model of hydrogen
atom. However, because of the apparent E = 0 limitation at the quantum
level, neither D-O nor other researchers reproduced known eigenvalue
spectrum for the hydrogen atom using Eq.(4). This is done in (Kholodenko
and Kauffman, 2019) and in the shortened form in the Appendix C.
Subsequently, other authors studied Eq.(4) with D-O potential, Eq.(5), in
2 dimensions where use of conformal transformations leaves Eq.(4) form
-invariant. In 3 dimensions one has to use much more sophisticated methods
to perform the conformal transformations. These are described in detail in
(Kholodenko and Kauffman, 2019). Form invariance of two dimensional
results provides many technical advantages. In spite of this, no attempts to
reproduce known 2 dimensional results for the hydrogen atom were made.
This necessary consistency condition was made in detail in (Kholodenko and
Kauffman, 2019). It was achieved by employing the observation that the
results on the R2 plane can be lifted to the 2-sphere S2 using the
stereographic projection and then the results can be lifted again to the
3-sphere S3 via Hopf mapping. Basic facts on Hopf mapping can be found
either in the book (Kholodenko, 2013) or, in the condensed form, in
(Kholodenko and Kauffman, 2019). Using the stereographic projection:
from S3 to R3, it is possible then to reobtain the spectral results for R3
and γ = 1,that is for the hydrogen atom (the result is missing in D-O
calculations) and, for γ = 1/2, the results are attributed to the spectrum of
multielectron atoms obeying the classical Madelung rule (according to D-O).
The detailed calculations in (Kholodenko and Kauffman, 2019) demonstrate
that the D-O potential, Eq.(5), with γ = 1/2 indeed, removes the limitations
of the classical Bertrand theorem. Such a demonstration has become
possible exclusively due to our utilization of the results of Volker Perlick
(Perlick,1992).
Since Perlick’s results were designed for gravitational problems,
the 2019 work by Kholodenko and Kauffman represents the first
case of effective utilization of ideas and methods of general
relativity in atomic physics.
The choice γ = 1/2 listed in b) and d) is indeed directly connected with
the results of Hartree-Fock calculations and, very fortunately, with the
Madelung rule.
In the atomic physics the potential, Eq.(5),(with γ = 1/2)
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is known as the Tietz potential.
It is bearing the name of his creator. Its origin and many properties are
discussed in the book by Flugge (Flugge, 1999). Its remarkable numerical
coincidence with the Hartree-Fock type potential Veff (ri) was discussed
in many places, most notably in (Kirzhnitz et al,1985), p.664, Fig.10.
Tietz, the author who invented the Tietz potential, was initially driven by
the desire to simplify the Thomas -Fermi (T-F) calculations. Much more
analytically cumbersome T-F type potentials were used by Latter
(Latter, 1955) in his numerical study of Schro¨dinger’s equation spectra of
the low lying excitations for all atoms of periodic system. After discovery
of his potential, Tietz used it (Tietz, 1956)10 in the stationary
Schro¨dinger equation, our Eq.(3), in which Veff (ri) was replaced by the
Tietz potential, that is by Eq.(5) with γ = 1/2 .Tietz studied our Eq.(3)
in which E 6= 0. This is in striking departure from the D-O version of this
equation, that is Eq.(4), in which E = 0 by design. D-O were mistakenly
thinking that replacement of the Coulombic potential by Maxwell’s
fish-eye potential (in their opinion needed to take care of the limitations
of the Bertrand theorem) is possible only for E = 0.This happens not to
be the case (Kholodenko and Kauffman, 2019), Appendix F. Thus, already
in 1956 Tietz studied the same equation as was much later and
independently rediscovered by D-O who, in addition, only looked
at E = 0 solutions of this equation. Unlike Tietz and, in accord with D-O,
we used Eq.(4) for solving the corresponding eigenvalue problem without
E = 0 restriction. Our method of solving of this equation differs from that
by D-O. The simplest example is provided in the Appendix C.The
fundamental drawback of the D-O method of solving Eq.(4) lies in its
inability to reproduce the classical hydrogen atom spectrum (problem e)).
At the same time, our study of solutions of Eq.(4) with
potential, Eq.(5), ( γ = 1) had began with new method of reproducing
hydrogen atom spectrum in 3 dimensions. Furthermore, we also correctly
reproduced the spectrum for the 2 dimensional version of the hydrogen atom.
Although our method differs from that proposed by Fock in 1936 (Singer,
2005), there is some overlap to be discussed below. Developed
methods allowed us to bypass entirely the most cumbersome item c) present
in D-O works. After solving Eq.(4) with potential, Eq.(5), γ = 1, and
reproducing correctly already known results, we obtained the low lying
spectrum for any atom of the periodic system of elements by employing
Eq.(4) with the potential, Eq.(5), γ = 1/2. The obtained results are
consistent with the empirical Madelung rule.
3. BEYOND THE CANONICAL MADELUNG RULE
3.1. General Comments
10More details are given in (Tietz,1968)
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The main issue we would like to study in the rest of this work can be
formulated as follows:
Why for the most elements of periodic table the relativistic effects
are negligible and, why without exceptions, they are significant
in the case of elements exhibiting the Madelung rule anomalies?
To provide an answer to this question we need to understand how to
relativize the already obtained results. This can be achieved by using
some facts about the quantization of hydrogen atom model as reference
point. In particular, in a specially chosen system of
units the dimensionless Hamiltonian Hˆ for hydrogen atom is
given in the operator form as
Hˆ = p2 −
2
r
. (6)
The Laplace-Runge-Lenz vector A0 is given by
A0 =
x
r
+
1
2
(L× p− p× L) (7)
with the angular momentum operator L defined as usually by L=x×p. It is
convenient to normalize A0 as follows
A =


A0(−H)
1
2 for E<0,
A0 for E=0,
A0 = (H)
1
2 , for E>0.
(8)
Here it is assumed that HˆΨE =EΨE and E= H. By introducing two auxiliary
angular momenta J(α), α = 1, 2, such that J(1) = 12 (L +A) and
J(2) = 12 (L −A),and using known commutation relations for L, etc.,
we arrive at
J(α)× J(α) = iJ(α), α = 1, 2, (9)
[J(1),J(2)] = 0.
Taking into account that L·A=0 we also obtain two Casimir operators:
L·A=0=A·L and L2 +A2. The Lie algebras J(α)× J(α) = iJ(α), α = 1, 2,
are the algebras of rigid rotators for which the eigenvalues jα(jα + 1) are
known from the standard texts on quantum mechanics. The peculiarity of
the present case lies in the fact that J(1)2 = J(2)2. This constraint is
leading to the requirement: jα = jβ = j. The topological meaning of this
requirement is explained in section 5 of (Kholodenko and Kauffman, 2019).
In short, the eigenvalue equation for the standard quantum mechanical
rigid rotator is that for the Laplacian living on a 2-sphere S2. Since in
the present case we are having two rigid rotators, each of them should
have its own sphere S2. However, the constraint jα = jβ = j causes
these two spheres to be identified with each other pointwise.
Topologically, such a poinwise identification leads to the 3-sphere S3.
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Group-theoretically the same result can be restated as so(4) ≃ so(3)⊕so(3).
With such background we are ready to relativize these results.
3.2. Sketch of derivation of the standard Madelung rule
We begin with the observation that for 3-dimensional rigid
rotator ”living” on S2 the eigenvalues and eigenfunctions are
solutions of the equation
L2Ylm(θ, φ) = l(l+ 1)Ylm(θ, φ). (10)
However L2 =L2x+L
2
y+L
2
z and Lx = iD23,Ly = iD31,Lz = iD12 ,
where
Dαβ = −xα
∂
∂xβ
+ xβ
∂
∂xα
, α < β = 1, 2, ...d (11)
and d is the dimensionality of space. In 4 dimensions, following
(Englefield,1972) we can put Ax = iD14,Ay = iD24,Az = iD34.Thus,
if L2 represents a Laplacian on S2,the combination L2 +A2 ≡ L2
represents a Laplacian on the 3-sphere S3 embedded in 4 dimensional
Euclidean space.That is, instead of a more familiar (from the
standard textbooks on quantum mechanics) study of 3-dimensional
rigid rotator ”living” on two-sphere, S2,the eigenvalue problem for
hydrogen atom actually involves the study of spectrum of the
rigid rotator on S3. This fact was realized initially by Fock (Singer, 2005).
The 3 Euler’s angles α, θ, φ on S3 are replacing more familiar θ, φ
angles used for the 2- sphere S2.The eigenvalue Eq.(11) is being
replaced now by
L2Ynlm(α, θ, φ) = InlYnlm(α, θ, φ). (12a)
This result coincides with that obtained in the Appendix C, Eq.(C.1).
Here we have the manifestly spherically symmetric wave functions
with indices n, l,m.This result is immediately applicable to hydrogen
atom (Englefield,1972). It corresponds to the chioice γ = 1 in Eq.(5).
the choice γ = 1/2 in the potential, Eq.(5), results in the shift in indices
in Eq.(12a) as follows
L2Yn+l,lm(α, θ, φ) = In+l,lYn+l,lm(α, θ, φ) (12b)
in accord with qualitative arguments made in subsection 1.1. In spite of
visible simplicity of transition from Eq.(12a) to (12b) and with account
of results of Appendix C, lengthy calculations presented in (Kholodenko
and Kauffman, 2019) are still required. For hydrogen atom the spectrum
associated with Eq.(12a) is obtained in the Appendix C, Eq.(C.3). While
for the multielectron atom obeying the standard Madelung rule the
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spectrum associated with Eq.(12b) is given below, in Eq.(28).
Now we are in the position to develop the theory explaining the Madelung
rule exceptions.
3.3. Uncovering the source of the Madelung rule anomalies via
relativization of results of subsection 3.2.
This task can be completed in several steps. First, we notice that in
the standard 3 dimensional calculations the hydrogen spectrum is
determined by the eigenvalues of the radial equation
[−
1
2
(
d2
dr2
+
2
r
d
dr
−
l(l + 1)
r2
) + V (r)]REl(r) = EREl(r). (13)
The total wave function
ΨE = FEl(r)Ylm(θ, φ),Ylm(θ, φ) = rlYlm(θ, φ), REl(r) = rlFEl(r)
and V (r) = −Ze
2
r ,m = 1, ~ = 1.The combination FEl(r)Ylm(θ, φ) can
be rewritten in terms of Ynlm(α, θ, φ) as demonstrated in (Kholodenko
and Kauffman, 2019) and in accord with (Englefield,1972). Therefore,
it is sufficient to look at 3 dimensional results. They can always be mapped
into S3 via the inverse stereographic projection. Next, this observation
allows us, following Martin and Glauber (Martin and Glauber,1958) and
Biedenharn (Biedenharn, 1983), to use the Pauli matrices σi in order to
rewrite L2 = (σ · L) (σ · L+1).This identity permits us then to write
the total momentum J as J = L+ 12σ . After that, it is convenient then
to introduce the operator K =σ · L+1 used already by Dirac (Dirac,
1958) in his treatment of hydrogen atom with help of the Dirac equation.
Using this operator it is possible to obtain the identity K2 = J2 + 14 ,
~ = 1.The eigenvalues of K , denoted by κ, are known to be κ = ±1,±2, ..
(0 is excluded).Use of these results implies:
l = l(κ) =
{
κ, if κ is positive
|κ| − 1, if κ is negative
∣∣∣∣
j = j(κ) = |κ| −
1
2
. (14)
The above definitions were made with the purpose not at all discussed
in the standard texts on quantum mechanics. Specifically, at the classical
level the Kepler trajectories can be determined with help of the vector A
only (Collas, 1978)11. This fact suggests that the quantum analog
of A should produce the eigenvalue spectrum identical to that obtained
using Eq.(13). This is indeed the case. To demonstrate this, we introduce
the operator N such that (N )2 = (σ ·A)2 +(K)2 . Since it can be shown
that σ ·A and K anticommute, it becomes also possible to write
N = σ ·A+K. (15)
11A very deep result!
14
Denote the eigenvalues of N as ±N. Then, it is possible to demonstrate that
σ ·A |N,κ,m >= (N2 − κ2)
1
2 | N,−κ,m > . (16)
It is possible as well to demonstrate that N ⇄ E with E defined in Eq.(13).
With help of this result it is possible next to write the exact equivalent of
the radial Eq.(13). It is given by
[
1
r2
d
dr
r2
d
dr
−
K(K + 1)
r2
+
2Ze2
r
− k2]FN,l(κ)(r) = 0. (17)
Here k2 = 2 |E| ,m = 1, ~ = 1.Biedenharn (Biedenharn, 1983) explains how
the wave function | N,−κ,m > is related to FN,l(κ)(r).Also,
K(K + 1) = l(κ)(l(κ) + 1).
Not only just presented results demonstrate that the quantum version
of the Laplace-Runge-Lenz operator leads to the eigenvalue problem
identical to the standard eigenvalue problem, Eq.(13), for hydrogen
atom presented in every textbook on quantum mechanics but, in addition,
these results permit us to perform their relativistic generalization the most
naturally thus allowing the seamless match of new relativistic results with
those known already.
The control parameter of this relativistic generalization is the fine structure
constant α = e
2
c~ . In the limit α = 0 the result, Eq.(17), is recovered
as required. Since structurally it is identical with Eq.(13), the nonrelativistic
spectrum is preserved. For α > 0 Eq.(17) is replaced by a very similarly
looking equation12
[
1
r2
d
dr
r2
d
dr
−
Γ(Γ + 1)
r2
+
2αZE
c~r
− k2]ΦN,l(γκ)(r) = 0. (18)
Here k2 = [
(
m2c4 − E2
)
/c2~2],Γ is the Lippmann-Johnson operator
Γ = K + iαZρ1σ · rˇ, (19)
rˇ = xr , ρ1÷ρ3, σ1÷σ3 are 4×4 matrices defined in Dirac’s book (Dirac,1958).
Instead of eigenvalue κ for K now one has to use γκ so that, upon
diagonalization, Γ(Γ + 1) = l(γκ)(l(γκ) + 1) and
l(γκ) =


γκ =
∣∣∣κ2 − (αZ)2∣∣∣
1
2
for γκ > 0
|γκ| − 1 =
∣∣∣κ2 − (αZ)2
∣∣∣
1
2
− 1 for γκ < 0
.
∣∣∣∣∣∣∣
(20)
The physical meaning of the factor γ is to be explained in the next section.
12Here, to avoid confusion, when comparing with the original sources, we restore ~, c and
m.
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Mathematically, both Eq.s(17) and (18) are looking the same and, in fact,
their solution can be reconstructed from the solution of radial eigenvalue
Eq.(13) presented in any book on quantum mechanics. Details are given in
the Appendix A
The difference lies only in redefining the parameter l : In the nonrelativistic
case the combination l(κ)(l(κ) + 1) is the same as l(l+1) as required, while in
the relativistic case we should replace l by l(γκ).By replacing l in Eq.(12b)
by l(γκ) it is immediately clear that the Madelung rule in its canonical form is
no longer valid.
4. NEW PHYSICS BEHIND THE MADELUNG
RULE ANOMALIES
4.1. Madelung rule and its anomalies explained with help of
Schro¨dinger’s work on Dirac electron in a gravitational field
In 1932 the paper by Schro¨dinger (Schro¨dinger, 1932) on Dirac electron
in a gravitational field was published. Historically, Dirac came up with
his equation in 1928 (Dirac, 1958) being driven by observation that the
Schro¨dinger equation is not Lorentz invariant. By correcting this deficiency
Dirac uncovered the spin of electron in 1928. In 1927 the spin was artificially
inserted into Schro¨dinger’s equation by Pauli. Schro¨dinger immediately got
interested in Dirac’s equation and wanted to study how Dirac’s
formalism might be affected by gravity. The rationale for doing so is given
in Schro¨dinger’s paper. Modern viewpoint will be explained below. In this
subsection we discuss Schro¨dinger’s results in the light of their relevance to
the Madelung rule and its anomalies in view of the noticed relevance of
Volker Perlick work (Perlick, 1992) on gravity modified generalized Bertrand
theorem. As explained already, in (Kholodenko-Kauffman, 2019) it was
used for proof of the standard Madelung rule. To explain the anomalies
we need to relativize our calculations. This process was initiated in the
previous section.
We begin with the Dirac equation
iγa∂aψ −mψ = 0 (21a)
in which the Dirac gamma matrices γa obey the Clifford algebra
anticommutation rule : γaγb + γbγa = 2ηab, a, b = 1÷ 4, ηab is the
matrix enforcing the Minkowski spacetime signature {1,−1,−1,−1}.
As is well known, the equivalence principle of general relativity locally allows
to eliminate the effects of gravity (e.g. recall the falling elevator gedanken
experiment).
Mathematically, this can be achieved by introduction of a vierbein eaµ(x)
so that eaµ(x)e
b
ν(x)ηab = gµν(x) and e
µ
a(x)e
ν
b (x)gµν = ηab(x). Thus, the
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vierbeins carry in themselves the effects of gravity since the metric tensor
gµν(x) carries the information about gravitation. Introducing these effects
into Eq.(21a) can be done as follows. First, the anticommutator
γaγb + γbγa = 2ηab is replaced by γµγν + γνγµ = 2gµν with help of the
relationship γµ = eµaγ
a. Here the Greek indices µ and ν refer to 4-dimensional
spacetime while the Latin indices a, b are referring to the Lorentzian (more
generally to the Poincare′) frames. Lorentzian frames are used for descrip-
tion
of rotations in 4 spacetime while the Poincare′frames account for
translations. The partial derivative ∂µ is replaced now by the covariant
derivative
∇µψ = ∂µψ + Γµψ, (22)
where
Γµ(x) = −
i
4
ωabµ(x)σ
ab;σab =
i
2
[γa, γb] (23)
and
ωabµ = e
a
ν∂µe
ν
b + e
a
νe
ρ
bΓ
ν
ρµ. (24)
In the simplest case Γνρµ is the standard Levi-Civita connection determined
by the metric tensor gµν . Presence of the term e
a
ν∂µe
ν
b in Eq.(29) is
responsible for the torsion effects. These are absent in the canonical general
relativity. Extension of general relativity accounting for the torsion effects
is known as the Einstein-Cartan (ECG) gravity (Hehl et al, 1976).
Use of Eq.(22) converts the flat space Dirac Eq.(21a) into that in the curved
space
iγa∇aψ −mψ = 0, (21b)
Instead of Eq.(21b) we can consider the following equation:
0 = (−iγµ∇µψ −mψ)(iγ
ν∇νψ −mψ)
= γµγν(∇µ∇ν +∇ν∇µ +∇µ∇ν −∇ν∇µ +m
2)ψ
= (gµν∇µ∇ν +m
2 +
1
8
Rαβδηγ
µγνγδγη)ψ, (21c)
where the following identity was used (Kay, 2020):
(∇α∇β −∇β∇α)ψ =
1
8
Rαβδηγ
δγηψ (25)
along with the Clifford algebra anticommutator identity
γµγν + γνγµ = 2gµν .The above equation can
be rearranged further (Moore, 1996) yielding the equivalent
final result: (
gµν∇µ∇ν +m
2 +
R
4
)
ψ = 0. (21d)
Here R is the scalar curvature. As it was demonstrated in (Kholodenko and
Kauffman, 2018), the mass term m2 is not essential and can be eliminated
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by the appropriate substitutions. In (Kauffman and Kholodenko, 2019),
sections 3 and 5, it is demonstrated that Eq.(21d) (with m = 0) is exactly
equivalent to Eq.(4). This means that the scalar curvature R can
be identified with the potential, Eq.(5), (with γ = 1/2).That such chosen
scalar curvature coincides with the curvature of the Bertrand space was
also demonstrated in (Kholodenko and Kauffman, 2019) and, independently,
in (Kuru et al, 2017). The obtained result, Eq.(21d), is incomplete though.
To make it complete, following (Schro¨dinger, 1932) we have to modify
the definition of the covariant derivative in Eq.(22). That is we have to
replace ∇µ = ∂µ + Γµ by ∇µ = ∂µ + Γµ − ieAµ where Aµ is some kind of
a vector (e.g. electromagnetic) potential. With such a replacement
Eq.(21d) must be replaced by
(
gµν∇µ∇ν +m
2 +
R
4
+
ie
2
σabFab
)
ψ = 0;Fab = ∂aAb − ∂bAa. (26)
This is the final result obtained by Schro¨dinger (up to signs and factors
i and e). These factors can be correctly restored. For this we have to put
Γµ = 0 in the covariant derivative ∇µ and then, to consult the book on
quantum electrodynamics, e.g. (Itzykson and Zuber, 1980), page 66
Eq.(2.73). Eq.s(17) and (18) now can be related to Eq.s(21d) and (26).
Specifically, by putting the fine structure constant α in the Lippmann-
Johnson operator to zero we are arriving at Eq.(21d). For
nonzero α we have to use Eq.(26) instead. The correstness of these remarks
can be checked by consulting (Itzykson and Zuber, 1980) pages 73,74.
More details are given in the next subsection.
4.2. Madelung rule anomalies as topological transition
Just stated results allow us to develop a calculation of the Madelung
rule anomalies in earnest. This then will provide an answer to
the question formulated in subsection 3.1.
”Why for the most elements of periodic table
the relativistic effects are negligible and, why without exceptions,
they are significant in the case of elements exhibiting the Madelung
rule anomalies?”
We begin with the summary of what is presented already and to be used.
1. The term ie2 σ
abFab in Eq.(26) is responcible for the relativistic effects.
Without this term Eq.(26) is converted into Eq.(4) in which Veff (r) is
represented by
R
4
which should be identified with Eq.(5) (γ = 1/2).
2.The relativistic Eq.s(18) and (26) are equivalent even though the
mathematicians prefer to work with Eq.(26) for deep reasons to be
explained below.
3.The relativistic Eq.(18) and nonrelativistic Eq.(17) look almost the same.
Thanks to work by Wong and Yeh (Wong and Yeh, 1982), both
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equations can be made to look exactly the same (up to the
meaning of constants in these eaquations). This is demonstrated in
Appendix A. Because of this circumstance, all mathematical methods
developed in (Kholodenko and Kauffman, 2019) for nonrelativistic
case can be applied now for the relativistic case unchanged.
4.It is of interest to derive the spectrum of the Dirac-Coulomb problem
by using methods developed in Appendix A via replacing the Coulomb
potential with the fish-eye potential first and then, by applying the
Wong and Yeh results. This is accomplished in the Appendices B
and C. In the Appendix B we demonstrate the equivalence of the
Coulomb and fish-eye classical and quantum problems while in the
Appendix C we demonstrate how the hydrogen atom spectrum
(both non and relativistic) can be obtained using the
fish-eye potential.The treatment of multi-electron atoms with help of
the deformed fish-eye potential, Eq.(5), then follows the same steps
as outlined in Appendix C. Additional details are given in (Kholodenko
and Kauffman, 2019).
With such a background, following (Itzykson and Zuber, 1980), page 75,
we can now write down the fine structure α expansion for the spectrum
of hydrogen atom (~ = 1)
Enj = mc
2 −
mc2α2Z2
2n˜2
−
α4Z4mc2
2n˜4
[
n
j + 12
−
3
4
] +O(α6). (27)
Here n˜ = nr+ l+1 in accord with results of Appendix C, j =
1
2 ,
3
2 , ..., n˜−
1
2 .
The α4 relativistic correction is in fact coming directly from the spin orbital
interaction (Itzykson and Zuber, 1980), pages 73-75. Since this fact is well
known but of fundamental importance for our case, it is presented and will
be discussed in some detail below. In the meantime, by using the deformed
fish-eye potential, Eq.(5) ( γ = 1/2), and by repeating calculations described
in the appendices B and C using such deformed potential13 in the limit
of α = 0 results in replacing n˜ by n˜+ l in Eq.(C.3), that is in the canonical
Madelung rule (~ = 1):
Enl = mc
2 −
me2Z2
2 (n˜+ l)
2 (28)
See also (Wong, 1978) for a simplified derivation. For α 6= 0 a simple minded
use of the expansion, Eq.(27), in Eq.(28) leads to entirely wrong results.
The relativistic effects cannot be neglected already for the hydrogen atom
since they are responcible for the fine structure spectrum. Simple minded
application of the same logic to the multielectron atoms then leads us to the
conclusion that based on the methods utilized thus far there cannot
be a special status for atoms exibiting the Madelung rule
13With details given in (Kholodenko and Kauffman, 2019)
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anomalies.Either all atoms should exibit the classical Madelung
rule as advocated in Chr.5 of (Scerri and Restrepo, 2018) or they
all should be anomalous.
The resolution of this paradoxical situation is obtained by providing
ramifications to the item 2 (stated above).That is we have to explain why
mathematicians prefer to work with Eq.(26) instead of Eq.(18).
Very deep results in mathematics based on the theory of fiber bundles,and
spinor bundles, e.g. read (Jost, 2005), pages 152-154, or (Moore,1996),
pages 40-41, imply that Eq.(21d) makes sence only on spin manifolds. That
is the quantum mechanical description of atoms exibiting the
canonical Madelung rule should be desctibed exclusively using
Eq.(21d).
The account for relativistic effects is made with help of Eq.(26). It is
living on spinc -type manifolds. The description of transition-
from atoms obeying the canonical to atoms obeing the anomalous
Madelung rule-cannot be achieved with help of known
perturational methods since it is topological in nature. It is
topological since spin and spinc are topologically different
manifolds. They cannot smoothly transform into each other.
Thus far these exotic structures were used either by the string theoreticians
e.g. read https://en.wikipedia.org/wiki/Spin structure, or by the people
studying the Seiberg-Witten invariants (Moore,1996).
Fortunately, in our case there is no need to use the sophisticated mathematics
since deep down the difference between these manifolds is in the difference
in underlying symmetry. The topology and symmetry are tightly
intertwined. More accurately, the manifolds could be orientable and
nonorientabe. Topologically this is described in terms of 2nd Stiefel class.
For spin manifolds this class is zero. In much simpler language, locally
it is sufficient to look at the the difference between, say, the compass
arrow (a vector) and a nematic molecule (a line segment without
orientation). In the last case if, say, it is in some prescribed position
and somebody rotates it by 1800 and we are not allowed to see:
was the rotation made or not. Then, there is no way we can come
up to a definitive conclusion: was the nematic
molecule rotated or not. Clearly, the compass case belongs to the
orientable space while the nematic case to nonorientable.
Now is time for us to provide some simple examples from chemistry.
For instance, consider the spin configuration for the Madelung
nonanomalous 7N:
↑↓
1s2
↑↓
2s2
↑ ↑ ↑
2p3
(29)
Evidently, in the absence of magnetic field there is a spin degeneracy: all
”up” spins can be made ”down” . This is nematic-type degeneracy. But,
in addition there could be a permutational symmetry. Fot nickel all
electrons at n = 2 level can be permuted with each other since they
are indistinguishable. The ability to do so is the additional symmetry.
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Consider now the Madelung anomalous case of 42Mo:
↑ ↑ ↑ ↑ ↑
4d5
↑
5s1
(30)
The case displayed in Eq.(29) is linked with the spin manifold because it has
the additional to ”up-down” symmetry. The case displayed in Eq.(30) is
related to spinc manifold. These arguments are related only to neutral
atoms in the absence of magnetic field and at zero temeperature.
Incidentally, the hydrogen atom also lives on spinc manifold due to spin
degeneracy. If this is so, the same is true for all hydrogen-like atoms,
e.g. 3Li,’ 11Na, 19K, 37Rb, 55Cs and so on. All these elements have
l = 0 in the combination n˜+ l (Madelung, 1936).In this sence, just listed
atoms along with the atoms of inert gases should be considered as
”anomalous”. But, if we agree upon this logic then, if the inert gases
belong to this list, we must have elements like 4Be, 12Mg, 20C, 38Sr,
56Ba also belong to the same category since for them l = 0 in the
Madelung classification (Madelung, 1936). Consider now
the ”true exceptions” e.g. 29Cu, 47Ag, 79Au. That is 29Cu (3d
54s1)
↑ ↑ ↑ ↑ ↑
3d5
↑
4s1
, (31)
47Ag (4d
105s1)
↑↓ ↑↓ ↑↓ ↑↓ ↑↓
4d10
↑
5s1
, (32)
and the 79Au (5d
106s1) spin pattern is the same as above. The situation
with anomalous lantanides and actinides proceeds by analogy with just
desribed and, in fact, is even simpler. Finally, let us take at random,
instead of 7N, say, 22T(3d
2 4s2). To analyze this case we should keep
in mind the Hund rule. In such a case the energies of 4s and 3d orbitals
are almost the same and the situation resembles very much that for 7N.
Thus, no surprises as expected. With this remarks behind us, we still have
to demonstrate the equivalence of Eq.s(18) and (26) in order to
demonstrate that the relativistic corrections are coming (in part) from
the spin-orbital interactions. Ramifications of such demonstration will
link the Hund rule, the LS, JJ and LSJ couplings schemes to the
spin ⇄ spinc topological transition.
Following (Itzykson and Zuber, 1980), page 74, without loss of generality
we have (for the centrally symmetric Coulombic field):
ie
2
σabFab = ±ieσ · E = ±iZα
σ · rˇ
r2
, (33)
where rˇ is the unit vector. A quick look at Eq.s.(18),(19) allows us to realize
that just obtained result enters into the Lippman -Johnson operator Eq.(19).
Thus, at least for the single electron case, Eq.s (18) and (26) do coincide.
And if this is so, by applying the Foldy-Woutusen transformation to Eq.(18)
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we obtain in the first order in α the spin-orbit coupling interaction term
(Itzykson and Zuber, 1980), pages 69-75.This means that Eq.(18) contains
information on spin-orbit coupling to all orders in α and, therefore, spares
us from adding the spin -orbital correction to the nonrelativistic
Hamiltonian. The situation with this term becomes more complicated for
multielectron atoms. Detailed calculations presented in a series of three
papers by Blume and Watson, e.g. see (Blume and Watson, 1962), (Blume,
Watson and Freeman, 1964) and references therein indicate that, very
fortulately, the complicated expressions can be squeezed back to the
spin-orbital interaction Hamiltonian known for the hydrogen atom with
the appropriately redefined coupling constant to be determined
experimentally. This fact is not affecting the analytical structure of
Eq.(18) and, therefore, the exact mapping to the nonrelativitic case
described in the Appendix A remains in place intact. Since the spin-orbit
interaction Hamiltonian is the first order in α result, it surelly cannot
compete with the topological arguments (Jost, 2005), pages 152-154,
or (Moore,1996), pages 40-41, valid for all orders in α. Just presented
facts explain the nature of the Madelung rule anomalies unambiguously.
7. CONCLUSIONS
In this work we demonstrated that study of the Madelung rule problem
and its exceptions cannot be fully made by analyzing the exsisting Hartree-
Fock, group-theoretic and other solutions, even those which are complacent
with the extended Bertrand theorem. This happens because of the
differences in description of normal and anomalous cases caused
by the differences in topology of the underlying spin manifolds.
This is the major new result of this paper enabling us to treat the
”normal” and ”anomalous” Madelung atoms using the same methods
and, thus, to perform calculations with equal ease. This process is
greatly facilitated by recognizing for the first time the role of gravity
effects. In (Kholodenko and Kauffman, 2019) this recognition
allowed us to develop a rigorous proof of D-O claim
that their (actually Tietz) potential is in agreement with the (modified)
Bertrand theorem. The connection with gravity was further exploited in this
work by employing results by Schro¨dinger (Schro¨dinger 1932). Only by
utilizing Schrodinger’s results in the framework of current mathematical
knowledge allowed us to find a topological mechanism distinguishing
between the ”normal” and the ”anomalous” Madelung atoms.
Quantum mechanics born in 1925-1926 was driven by the needs of atomic
physics initially. Subsequently, quantum mechanics was extended to the
quantum field theory resulting in design of the Standard Model14
of particle physics. The influence of atomic and molecular physics on the
14https://en.wikipedia.org/wiki/Standard Model
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rest of physics is still and ongoing process (Safronova et al, 2018). At
the same time the backward thend of applying methods of paticle physics
to atomic physics is also ongoing (Fet, 2016), (Varlamov, 2018).
Furthermore, the description of the Madelung rule anomalies developed
in this work, provides solid support in favor of Einstein-Cartan theory
of gravity (Hehl et al, 1976). This theory is correctly describing the
interactions between the gravitational field and fermionic matter but
was lucking solid expperimental support.
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Appendix A. Mapping the Dirac Equation into Schrodinger-like
Following Wong and Yeh (Wong and Yeh, 1982) we shall employ the system
of units in which c = 1, ~ = 1.Then, taking into account that in discussing
Eq.s(17) and (18) we intoduced the factor K in the nonrelativistic case and
Γ in relativistic. We argued that the combination K(K+1) = l(κ)(l(κ) + 1)
= l(l+ 1) in the nonrelativistic case and Γ(Γ + 1) = l(γκ)(l(γκ) + 1) in the
relativistic. Therefore Eq.(18) acquires the form
[
1
r2
d
dr
r2
d
dr
−
l(γκ)(l(γκ) + 1)
r2
+
2ZEe2
r
+ E2 −m2]RN,l(γκ)(r) = 0. (A.1)
The nonrelativistic l is replaced now by the relativistic κ = ±(j + 12 ) and
γκ = ±[κ−
(
Ze2
)2
]. In the case of discrete spectrum
m2 − E2 > 0.Therefore, it is convenient to introduce the new variables
as follows: µ = [m2−E2]
1
2 , ρ = 2µr, ω =4Ze2E/µ. In terms of these variables
Eq.(A.1) acquires the standard form of the radial equation for hydrogen
atom
[
1
ρ2
d
dρ
ρ2
d
dρ
−
l(κ)(l(κ) + 1)
ρ2
+
ω
4ρ
−
1
4
]RN,l(γκ)(ρ) = 0 (A.2)
e.g. see (Shiff, 1968), Eq.(16.7). This transformation allows us to apply
the same metodologyunchanged as used in (Kholodenko and Kauffman,
2019) for proving the standard Madelung rule.
Appendix B. Mapping the Coulombic potential problem into the
fish-eye problem
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As demonstrated by Schro¨dinger in his 1st paper on quatum mechanics
the standard Schro¨dinger equation(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)
ϕ =
2m
~2
(E − V )ϕ (B.1)
is obtainable variationally from the Hamilton-Jacobi equation
(Kholodenko and Kauffman, 2018)
ψ2x + ψ
2
y + ψ
2
z = 2m(E − V ), (B.2)
where ψ ⇄ ~ lnϕ. Following Luneburg (Luneburg, 1996), we use the cano-
nical change of variables: ξ = ψx, η = ψy, ζ = ψz;x = ωξ, y = ωη, z = ωζ
subject to the condition ψ + ω = xξ + yη + zζ in Eq.(B.2). For the case
when V is the attractive Coulombic potential such transformations applied
to Eq.(B.2) (and then, variationally,to Eq.(B.1)) result in transforming
Eq.(B.1) into
1
2
(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)
ϕ+ βn
(
1
1 + x2 + y2 + z2
)2
ϕ = 0 (B.3)
where βn =
(
Ze
En
)2
. Such a transformation is converting the eigenvalue
problem for Eq.(B.1) into Sturmian problem for Eq.(B.3). The Coulombic
potential VC =
const
r in Eq.(B.1) is converted now into the fish-eye potential
VF =
const′
1+(r/a)2
, r2 = x2+y2+z2. Here a is a constant. a = 1 in Eq.(B.3).The
same arguments applied to the deformed fish-eye potential, Eq.(5), result
in replacing VF in Eq.(B.3) by the deformed potentential, Eq.(5). Scaling
analysis applied to such obtained equation demonstrates that its form
survives only if γ = 1/2 so that βn remains the same as in Eq.(B.3). Details
are in (Kholodenko and Kauffman, 2019).
Appendix C. Calculation of the hydrogen atom spectrum using
Eq.s(A.2) and(B.3)
To deal with accidental degeneracy in spectrum of hydrogen atom Fock
developed entirely new metod of soving the spectral problem for hydrogen
atom by considering solution of this problem in S3 (Singer 2005).
Since Eq.(B.3) is not an eigenvalue but the Sturmian problem we cannot
apply Fock method as such. However, we do apply his idea of replacing
the treatment of Eq.(B.3) inR3 by the treatment in S3 in accord with results
of subsection 3.2.By lifting15 Eq.(B.3) to S3 it is converted to Eq.(12a).
In Eq.(12a) we have to present Ynlm(α, θ, φ) as Ψnl(α)Ylm(θ, ϕ) so that
Eq.(12a) acquires the form
[
l(l + 1)
sin2 α
−
∂2
∂α2
− 2 cotα
∂
∂α
]Ψnl(α) = InlΨnl(α) (C.1)
15Details of this lifting are in the section 4 of (Kholodenko and Kauffman, 2019)
24
Here Inl = −
(Ze)2
2|En|
in the nonrelativistic case and, in the relativistic case
we have to make a replacement l → l(κ) and write16 Inl =
(ω
4
)2
.
Next, we write x = cosα and, by rewriting Ψnl(α) in terms of such variable
and representing it in the form Ψnl(α) = (1− x2)
l
2Fnl(x),Eq.(C1) is
converted into equation
(1 − x2)
d2
dx2
Fnl(x) − (2x+ 1)x
d
dx
Fnl(x) + [Inl − (l(l + 2)]Fnl(x) = 0. (C.2)
Eq.(C.2) is the equation for the Gegenbauer polynomials. Using this fact
we obtain after some routine calculation: Inl = (n+ l+ 1)
2 − 1 ≡ n˜2 − 1.
Let now n˜ = 2F + 1. Then, n˜2 − 1 = 4F (F + 1). Using this information,
consider, instead of Eq.(12a), the equation L2Ynlm = (Inl − E)Ynlm in which
E is fixed parameter17. To fix the value of this parameter we analyse
the equation Inl − E = 4F (F + 1).By selecting −E = −1 we obtain: Inl =
(2F + 1)2 implying
− (Ze)2
2 |Enl|
= n˜2 or, Enl =
− (Ze)2
2n˜2
=
− (Ze)2
2(n+ l + 1)2
(Schro¨dinger spectrum).
(C.3)
Evidently, here n = nr in the standart quantum mechanical notations. For
the Dirac case we obtain as well
(ω
4
)2
= (nr +l(γκ) + 1)
2 (Dirac spectrum). (C.4)
This result coincides with Eq.(3.26) of (Wong and Yeh, 1982).
By restoring back c, ~ and, hence the α, using Eq.(C.4) we reobtain back
the canonical Dirac spectrum.
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